RICARDO WEDER

Inverse Scattering in Quantum Mechanics

The inverse scattering problems in quantum mechanics have been exten-
sively studied since the pioneering work of W. Heisenberg in the theory of
the scattering matrix in 1943 and 1944. In these lectures we will discuss
the multi-dimensional case, where we do not assume that the potentials are
spherically symmetric. In general terms, they can be described as the prob-
lems of obtaining information about the inter-particle interaction potentials
of an N-body system from the scattering operator. In a more precise sense,
there are three main problems. Uniqueness: to prove that the scattering op-
erator uniquely determines the potentials. Reconstruction: to give methods
to reconstruct the potentials from the scattering operator. Characterization:
to give necessary and sufficient conditions in order that an operator is the
scattering operator of unique inter-particle potentials in a given class. There
are different ways to give the scattering data. For example, one can give the
scattering operator for all energies, the high-energy limit of the scattering
operator, or the scattering operator for a fixed energy. Inverse scattering has
many important applications in physics. In particular, in atomic molecular
and nuclear physics a great deal of the information about the inter-particle
potentials is obtained from scattering experiments. Moreover, there is also
the closely related problem of inverse scattering of acoustic, electromagnetic
and elastic waves, that has many technological applications, for example in
tomography. Many of the results have been obtained using stationary meth-
ods. For general references on this point of view, see [1, 6, 7, 8, 9].

In these lectures I will discuss a new geometrical time-dependent method
that has been introduced in [2, 3, 4]. We consider scattering of finite-energy
wave packets, what allows us to use in the proofs the time propagation aspects
of scattering. This makes the physical interpretation of the inversion methods
transparent, and it is furthermore technically useful, for example, for N-body
systems. Moreover, it allows us to consider more general classes of potentials
with singularities.

The lectures will be organized as follows. We will first introduce the
method in the simple case of two-body scattering by a short-range potential.
Then, we will consider the case of N-body systems with long-range potentials.
We will also briefly discuss the application of the method to other inverse



scattering problems, like scattering by magnetic fields, the Aharonov-Bohm
effect, the Stark effect, and the non-linear Schroedinger and Klein-Gordon
equations. References for the material that we will discuss are [2, 3, 4, 5, 10,
11, 12, 13, 14, 15, 16, 17, 18|.

References

1]

2]

Chadan K. and Sabatier P. C., Inverse Problems in Quantum Scattering
Theory, 2nd ed (Berlin: Springer 1989).

Enss V. and Weder R., Inverse Potential Scattering: A Geometrical
Approach. Invited Contribution , Summer School in Mathematical
Quantum Theory, Vancouver, 1993. In Mathematical Quantum The-
ory II. Schrodinger Operators, pp 151-162. Editors: Feldman J., Froese
R., and Rosen L. CRM Proceedings and Lecture Notes 8 (Providence:
A.M.S. 1995).

Enss V. and Weder R., Uniqueness and Reconstruction Formulae for
Inverse N—-Particle Scattering. Invited Contribution. In Differential
Equations and Mathematical Physics. Proceedings of the 1994 UAB-
Georgia Tech. International Conference, pp 55-66. Editor: I. Knowles
(Boston: International Press 1995).

Enss V. and Weder R., The geometrical approach to multidimensional
inverse scattering, J. Math. Phys 36 (1995) 3902-3921.

Enss V. and Weder R., Inverse Two Cluster Scattering, Inverse Problems
12 (1996) 409-418.

Faddeev L. D., Inverse problem of quantum scattering theory. 11, J. So-
viet. Math. 5 (1976) 334-396.

Newton R. G., Inverse Schréodinger Scattering in Three Dimensions.
(Berlin: Springer-Verlag 1989).

Novikov R. G., Scattering for the Schriodinger equation in multidimen-
sions. Non-linear O— equation, characterization of scattering data and
related results, in Scattering, Vol. 2, pp 1729-1740. Editors: Pike R.,
Sabatier P. C. (San Diego: Academic Press 2002).



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Weder R., Characterization of the scattering data in multidimensional
inverse scattering theory, Inverse Problems 7 (1991) 461-489.

Weder R., Multidimensional Inverse Scattering in an Electric Field, J.
Funct. Analysis 139 (1996) 441-465.

Weder R., LP — L”" Estimates for the Schrédinger Equation on the Line
and Inverse Scattering for the Non linear Schrodinger Equation with a
Potential, J. Funct. Analysis 170 (2000) 37-68.

Weder R., Inverse Scattering on the Line for the Nonlinear Klein-
Gordon FEquation with a Potential, J. Math. Anal. Applications 252
(2000) 102-123.

Weder R., Inverse Scattering for the Nonlinear Schrodinger Equation.
Reconstruction of the Potential and the Nonlinearity, Mathematical
Methods in the Applied Sciences 24 (2001) 245-254.

Weder R., Inverse Scattering for the Nonlinear Schrodinger Equation
1I. Reconstruction of the Potential and the Nonlinearity in the Multi-
dimensional Case, Proceedings of the American Mathematical Society
129 (2001) 3637-3645.

Weder R., Multidimensional Inverse Scattering for the Nonlinear Klein—
Gordon Equation with a Potential, Journal of Differential Equations 184
(2002) 62-77.

Weder R., The Aharonov-Bohm Effect and Time-Dependent Inverse
Scattering Theory, Inverse Problems 18 (2002) 1041-1056.

Weder R., The Time-Dependent Approach to Inverse Scattering. In-
vited Contribution. In Advances in Differential Equations and Math-
ematical Physics pp 350-377. Editors: Y. Karpeshina, G. Stolz, R.
Weikard and Y. Zeng. Contemporary Mathematics 327 (Providence:
A.M.S. 2003).

Weder R., Scattering for the Forced Non-Linear Schrodinger Equation
with a Potential on the Half-Line, Mathematical Methods in the Applied
Sciences 28 (2005) 1219-1236.



